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Abstract This paper is concerned with a non-uniform flexible structure with thermal
effect governed by Coleman–Gurtin law. By using semi-group method, we establish the
global well-posedness of the system. The main result is the long-time dynamics of the
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system. We prove the quasi-stability property of the system and obtain the existence of
a global attractor, and the global attractor has finite fractal dimension. The existence
of exponential attractors is also proved.
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1 Æt

������#��Æ�
�$������:

m(x)utt − (p(x)ux + 2δ(x)uxt)x − κθx + f(u) = h(x), (1.1)

θt − θxx −
∫ ∞

0

g(s)θxx(t− s)ds− κuxt = 0, (1.2)

�% x ∈ [0, L], u(x, t)���&����'. θ(x, t)����. �� m(x), p(x)� δ(x)����

��������(������)����*�+,-.�����#���/����. �

� κ  0 ��. f(u)  1!, h(x)��
�!!. "�����Æ# Coleman–Gurtin $�.

"� !%"##

u(0, t) = u(L, t) = 0, θ(0, t) = θ(L, t) = 0, t ≥ 0 (1.3)

�&$##

u(x, 0) = u0(x), ut(x, 0) = u1(x), θ(x, t)|t≤0 = θ0(x, t), x ∈ [0, L]. (1.4)

*'$%, �����2(.&%%'
(���, &�)�'�)*. �����(�2(
+,*���'(+�+,, 3'4)� -*.+,�,* Euler–Bernoulli '+, [26]. +,

'5, -6�7-/0.12�#3./�)�!�.+,�)+,�/$��0. Æ�, ��

)��%")���)�*. 4��2(0, (�(�1528+,
mutt − σx = f,

93 σ  ��. �6�� 
�$�, 4 σ 28
σ = σ(ux, uxt) = p(x)ux + 2δ(x)uxt,

5/0�����:�2(+,
m(x)utt − (p(x)ux + 2δ(x)uxt)x = f.

12�05;7 �3 [22]. Gorain [19] ��."+,, 8<6."�4�=�/$�. .��
��%, �6 !0��Æ, +,��:

θt + qx − κutx = 0,

�% q(x, t) ���*�. 5��79859 Carlson �� [4]. �6�*�28 Coleman–Gurtin

$�, 4

q(t) + (1 − α)θx(t) + α

∫ ∞

0

g(s)θx(t− s)ds = 0, α ∈ (0, 1)
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@5;/0�4 (1.1), (1.2). 4<=+,7� α = 0 � α = 1 0, �4��28C3A$��
Gurtin–Pipkin $�. Misra *A [25] ��.28C3A$���D����+,{

m(x)utt − (p(x)ux + 2δ(x)uxt)x + κθx = f,

θt − θxx + κuxt = 0.

<6."�4�/$�, BC.D��=�>E. BF Alves *A [1] ��.�#-?��D5
GC��+,, 8/0.5Æ�4�D�@$��/$�.

AE& ��
(�EC+,��0H(�B'�I
FJ. �/.+,�D�AE&�
��, Cavalcanti, Fatori � Ma [5]  !�#CKÆF�.+,

utt − Δu+
∫ ∞

0

g(s)div[a(x)∇u(t− s)]ds+ f(u) = h(x),

8/0.L##D�EF��D�AE&. � [2] ��.�ÆF�M(�GD+,
|ut|ρutt − αΔu− Δutt +

∫ t

−∞
μ(t− s)Δu(s)ds− γΔut + f(u) = h,

8N- Faedo–GalerkinGF<6.�4�D�@$�,D�AE&�H.�.�/,*� Euler–

Bernoulli ' ()) +,, �D)+,�AE&, 57 �3 [3, 10, 11, 13–15, 21, 23, 24, 30–32].

H/IJ� , �/�#ÆF
�$�D���� (1.1), (1.2) �AE&OGH��. KI,


���IJ (1.1), (1.2) �@$�, 8K0AE&�H.�P��(. JILL, "�OK0

.=�AE&�H.�, N-KQ70��."�4�@$�. �/�0H(�B', 
�L-
Chueshov � Lasiecka [8] ;P� [9, Chapter 7] %�+M. *N<6�4 M��4RKQ S
FOT�, "�/0.D�AE&�H.�, �NM 3/$UE/OV. IL, N-�N2P&
Q�, BC�4�M/$�, RS/0D�AE&L##DF�EF�.

O/PQÆF!�TR, �4@OPQ�4U'
PQ�4. '.V7ÆF!, 
�L-
Dafermos [12] � Giorgi *A [16, 17] �+M, EST�U� η = ηt(x, s),

ηt(x, s) =
∫ s

0

θ(t− τ)dτ, (t, s) ∈ [0,∞) × R
+, (1.5)

/ ηt + ηs = θ, (x, t, s) ∈ R
n × R

+ × R
+, �&$##'

η0(s) = η0(s) x ∈ R
n, s ∈ R

+,

93 η0(s) =
∫ s
0
θ0(τ)dτ, s ∈ R

+. O+, (1.5) /0∫ ∞

0

g(s)θxx(t− s)ds = −
∫ ∞

0

g′(s)ηtxx(s)ds.

$R μ(s) = −g′(s), / �4 (1.1)–(1.4) 5;SK';��4:

m(x)utt − (p(x)ux + 2δ(x)uxt)x − κθx + f(u) = h(x), (1.6)

θt − θxx −
∫ ∞

0

μ(s)ηxx(s)ds− κuxt = 0, (1.7)

ηtt + ηts = θ, (1.8)

u(x, 0) = u0(x), ut(x, 0) = u1(x), ηt(x, 0) = 0, x ∈ [0, L], (1.9)

η0(x, s) = η0(x, s), (x, s) ∈ [0, L] × R
+, (1.10)

u(0, t) = u(L, t) = 0, θ(0, t) = θ(L, t) = 0, t ≥ 0. (1.11)
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�W 2 WXTTYUU. W 3 W���4�D�@$�. W 4 W<6AE&�H.�P
��(.

2 uVvW

�- Lq(0, L) (1 ≤ q ≤ ∞) � H1(0, L) ���� Lebesgue X�YH� Sobolev YH. Y

H B %��X�Z�����' (·, ·) � ‖ · ‖B . '.VW+[, 4 q = 2 0, ‖u‖2 ZÆ' ‖u‖.
R."�XT*X
�YZ�[[.

(A1) [$�� m(x), p(x), δ(x) : [0, L] → R
+  **\\5\��, 4 m(x), p(x), δ(x) ∈

C1(0, L), RH.�/���� m1,m2, p1, p2 � δ1, δ2, ]/

m1 ≤ m(x) ≤ m2, p1 ≤ p(x) ≤ p2 � δ1 ≤ δ(x) ≤ δ2. (2.1)

(A2) [$�4%�1! f(u) ∈ C1(R) R]/^J p > 0 28
|f(u) − f(v)| ≤ cf (1 + |u|p + |v|p)|u− v|, ∀u, v ∈ R, (2.2)

�% cf > 0  ��, 8R[$H.�� α ∈ [0, p1λ1) � Cf > 0 28
f(u)u ≥ −αu2 − Cf � F (u) ≥ −α

2
u2 − Cf , ∀u ∈ R, (2.3)

�% F (u) =
∫ u
0
f(s)ds, λ1 > 0  _& Δ . H1

0 (0, L) %�W*NMH.

(A3) �/�� μ(t), "�[[ μ : R
+ → R

+  5+�, R28
μ(0) > 0,

∫ ∞

0

μ(s)ds = μ0 > 0, (2.4)

;PH.�� k > 0, ]/

μ′(t) ≤ −kμ(t), t ≥ 0. (2.5)

�/T�U� η, $R]^ L2- YH

M = L2
μ(R

+,H1
0 (0, L)) =

{
η : R

+ → H1
0 :

∫ ∞

0

μ(s)‖ηx(s)‖2ds <∞
}
,

"YH *� Hilbert YH, �X�Z���$R��:

(η, ζ)M =
∫ ∞

0

μ(s)(ηx(s), ζx(s))ds � ‖η‖2
M =

∫ ∞

0

μ(s)‖ηx(s)‖2ds.

$R5YH
H = H1

0 (0, L) × L2(0, L) × L2(0, L) × M .

"YH�Z�'

‖(u, v, θ, η)‖2
H = ‖ux‖2 + ‖v‖2 + ‖θ‖ + ‖η‖2

M ,

�X'

〈U, Ū〉H =
∫ L

0

p(x)uxūxdx+
∫ L

0

m(x)vv̄dx+
∫ L

0

θθ̄dx+
∫ ∞

0

μ(s)
∫ L

0

ηxη̄xdxds,

�% U = (u, v, θ, η)�, Ū = (ū, v̄, θ̄, η̄)� ∈ H .
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_�$$RIJ (1.6)–(1.11) �D� E(t):

E(t) =
1
2

∫ L

0

p(x)u2
x(t)dx+

1
2

∫ L

0

m(x)u2
t (t)dx+

1
2

∫ L

0

θ(t)dx

+
1
2
‖η‖2

M +
∫ L

0

F (u)dx−
∫ L

0

hu(t)dx. (2.6)

/ #��E7.

wX 2.1 H.�/���� α0 > 0, ]/D� E(t) 28
E(t) ≥ α0(‖ux‖2 + ‖ut‖2 + ‖θ‖2 + ‖η‖2

M ) − C, (2.7)

�% C = C(‖h‖) > 0.

xY ` Ẽ(t) = E(t) +C, C = CfL+ 1
λ1ρ

‖h‖2, �% ρ > 0  *���. / ^a (2.3) �

Young 3*`, /0∫
Ω

F (u)dx ≥ − α

2λ1
‖ux‖2 − CfL � −

∫
Ω

hudx ≥ −ρ
4
‖Δu‖2 − 1

λ1ρ
‖h‖2.

IJ0 (2.1) � (2.6), / 
Ẽ(t) ≥

(
p1

2
− α

2λ1
− ρ

4

)
‖ux‖2 +

1
2
‖ut‖2 +

1
2
‖θ‖2 +

1
2
‖η‖2

M .

O/ α ∈ [0, p1λ1), ` ρ > 0 _�a, / /0 (2.7). $7/<.

3 Z[y
.9*��, K0IJ (1.6)–(1.11) �D�@$�.

bcN-� [18] %�+M, $R_& T ,

Tη = −ηs, η ∈ D(T ),

�%
D(T ) = {η ∈ M | ηs ∈ M , η(0) = 0}

 1'KQ�dbae`\. / , �c+,

ηt = Tη + θ, η(0) = 0

�V η 28
(Tη, η)M =

∫ ∞

0

μ′(s)‖ηx(s)‖2ds, η ∈ D(T ). (3.1)

` U(t) = (u, v, θ, η)�, �% v = ut. / IJ (1.6)–(1.11) SK'�c Cauchy IJ⎧⎨
⎩
d

dt
U(t) = A U(t) + F (U(t)), t > 0,

U(0) = U0 = (u0, u1, θ0, η0)�,
(3.2)

�%

A U(t) =

⎛
⎜⎜⎜⎜⎜⎜⎝

v
1

m(x)
[(p(x)ux + 2δ(x)uxt)x + κθx]

θxx +
∫ ∞

0

μ(s)ηxx(s)ds+ κuxt

θ + Tη

⎞
⎟⎟⎟⎟⎟⎟⎠
,
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93_& A $R]'
D(A ) =

{
U(t) ∈ H

∣∣∣∣u ∈ (H2(0, L) ∩H1
0 (0, L)), ut ∈ H1

0 (0, L),

θ ∈ H1
0 (0, L), η ∈ D(T ), θxx +

∫ ∞

0

μ(s)ηxx(s)ds ∈ L2(0, L)
}
,

$R
(�_& F : H → H R F (U(t)) = (0, 1
m(x)f(u), 0, 0)�. / , "�/0�c�/D�

@$���0.

^X 3.1 [[ (2.1)–(2.5) `C, h(x) ∈ L2(0, L), / #�c�0`C:

(i) �6&$## U(0) = U0, U0 ∈ H , _IJ (3.2) #f*�gV U(t) ∈ C([0,∞),H ),

U(t) = eA tU0 +
∫ t

0

eA (t−τ)F (U(τ))dτ.

(ii) �6 U1(t) � U2(t)  IJ (3.2) �d�gV, _H.�� CT > 0, ]/

‖U1(t) − U2(t)‖H ≤ CT ‖U1(0) − U2(0)‖H , ∀ 0 ≤ t ≤ T.

(iii) �6 U0 ∈ D(A ), _ (ii) %�gV *�eV.

xY h`f0, ]/^J� U = (u, ut, θ, η) ∈ H ,

〈A U,U〉H = −2
∫ L

0

δ(x)u2
xtdx−

∫ L

0

θ2xdx+
∫ ∞

0

μ′(s)‖ηx(s)‖2ds ≤ 0,

i;, _& A  aj�.

_�$<6 R(I − A ) = H . ` Ũ = (ũ, ṽ, θ̃, η̃) ∈ H , "�kla0 U ∈ D(A ) 28
U − A U = Ũ . bTgIJbW'

u− v = ũ, (3.3)

v − [
(p(x)ux + 2δ(x)uxt)x + κθx

]
= m(x)ṽ, (3.4)

θ − θxx −
∫ ∞

0

μ(s)ηxx(s)ds− κuxt = θ̃, (3.5)

η − θ − Tη = η̃. (3.6)

O (3.6) /

η(s) = (1 − e−s)θ +
∫ s

0

eτ−sη̃(s)dτ. (3.7)

g (3.7) cS (3.3) � (3.5), /

u− [
(p(x)ux + 2δ(x)uxt)x + κθx

]
= m(x)ṽ + ũ, (3.8)

θ − θxx −
∫ ∞

0

μ(s)(1 − e−s)dsθxx − κux = ϑ, (3.9)

�%
ϑ = f1 + κũx + θ̃, (3.10)

f1 =
∫ ∞

0

μ(s)
∫ s

0

eτ−sη̃xx(s)dτds.

]/ ω ∈ H1
0 (0, L) R ‖ωx‖ ≤ 1, "�Ud

|〈f1, ω〉H−1,H1
0
| =

∣∣∣∣
∫ ∞

0

μ(s)
∫ s

0

eτ−s
∫ L

0

ϑx(τ)ωxdxdτds
∣∣∣∣
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≤
∫ ∞

0

∫ s

0

μ(s)eτ−s‖ϑx(τ)‖dτds

=
∫ ∞

0

∫ ∞

0

μ(s)eτ−s‖ϑx(τ)‖dsdτ

≤ μ
1
2
0

∫ ∞

0

μ(τ)‖ϑx(τ)‖2dτ,

hi� (3.10) / ϑ ∈ H−1(0, L). $Rm(�Q� B : H1
0 (0, L) × L2(0, L) → R,

B((u, θ), (ũ, θ̃)) =
∫ L

0

p(x)uxũxdx+
∫ L

0

m(x)uũdx+
∫ L

0

θθ̃dx.

`< B .YH H1
0 (0, L) % \\��ec�. O Lax–Milgram $7/, ndIJ (3.8), (3.9) H

.f*gV (u, θ) ∈ H1
0 (0, L) ×H1

0 (0, L).

j*+k, O (3.7) /∫ ∞

0

μ(s)‖ηx(s)‖2ds ≤ 2μ0‖θx‖2 + 2
∫ ∞

0

μ(s)
∥∥∥∥
∫ s

0

eτ−sη̃x(τ)dτ
∥∥∥∥2

ds

≤ 2μ0‖θx‖2 + 2
∫ ∞

0

(∫ s

0

eτ−s
√
μ(τ)‖η̃x(τ)‖2dτ

)2

ds

≤ 2μ0‖θx‖2 + 2‖η̃‖2
M ,

4 η ∈ M . i; Tη = η − θ − η̃ ∈ M . / /0 U(t) ∈ D(A )  U − A U = Ũ �V.

e<5U,_& A  YHH %l��e_&.N- Lumer-Phillips$7 (57 �3 [27]),

/0_&.YH H %fe*��oKQ.

` U i = (ui, uit, θ
i, ηi) (i = 1, 2), B ⊂ H  *�#"m. O (2.2)/,]/^J� U1, U2 ∈ B,

‖F (U1) − F (U2)‖H ≤ C1‖f(u1) − f(u2)‖
≤ Cf (1 + ‖u1‖p2p + ‖u2‖p2p)‖u1 − u2‖ ≤ C0f‖u1

x − u2
x‖,

�% 0 ≤ γ ≤ 1 � C0f > 0  fn/&H���. KI, H.*�fn/ B ��� C0 > 0, ]/

‖F (U1) − F (U2)‖H ≤ C0‖U1 − U2‖H , 4 F . H % o� Lipschitz �.

O;<K05U, IJ (3.2) .pH [0, tmax) �#f*o�gV
U(t) = eA tU0 +

∫ t

0

eA (t−s)F (U(s))ds, (3.11)

�6 tmax <∞, _
lim
t→∞ ‖U(t)‖H = ∞. (3.12)

` U(t)  28&$## U0 ∈ D(A ) �*�gV, 5;pTIgV@ *�eV. <6N,/q
/� [27]. IVL�<6N,rq. ]/i#� t ≥ 0, O (2.7) /

‖U(t)‖2
H ≤ (E(0) + C)α−1

0 .

<=3*`]/gV$%s `C�. 9++, (3.12) rg. KI tmax = ∞.

]/ T > 0 �^J� t ∈ (0, T ), [$ U1 � U2 �� &H U1(0) � U2(0) ]Æ�d�g
V. O (3.11) /

‖U1(t) − U2(t)‖H ≤ ‖U1(0) − U2(0)‖H +
∫ t

0

‖U1(s) − U2(s)‖H ds.
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]/^J� t ∈ [0, T ], N- Gronwall 3*`, /

‖U1(t) − U2(t)‖H ≤ eC0T ‖U1(0) − U2(0)‖H ,

�% C0 = C(U1(0), U2(0)). N-� [27, $7 6.1.5] 5pT&H. D(A ) %�^JgVh e
V. <i.

4 ghijkzl
4.1 m{no

�/dbF(��4�*XbZFJ5;7 �3 [6–9, 20, 28, 29] *. 
�scT*XI

FJ��/M/$�*XÆ-, 12�h5;7 �3 [8, 9].

�6KQ S(t)�D�AE& tj3U�,4]/i#� t ≥ 0, S(t)A = A ,_D�AE&
A ⊂ H  *�#"km, R limt→∞ distH(S(t)B,A ) = 0, �% distH  YH H %� Hausdorff

Ktu.

` X,Y,Z  u�Pl� Banach YH, RYH X vwS0 Y . ESYH H = X × Y × Z.

 !O+,
S(t)U0 = (u, ut, η), U0 = (u0, u1, η0) ∈ H (4.1)

]Æ�(��4 (H,S(t)), �%�� u � η L#��p_�:

u ∈ C(R+;X) ∩ C1(R+;Y ), η ∈ C1(R+, Z). (4.2)

�6.YH X <$R*�v�KZ� nX �d�
m�n��� a(t) � c(t), R.pH t ∈
[0,∞) < o�#"�, �� b(t) ∈ L1(R+) 28 limt→∞ b(t) = 0, ]/^J� U1, U2 ∈ B, ]

/�kd�`&
‖S(t)U1 − S(t)U2‖2

H ≤ a(t)‖U1 − U2‖2
H (4.3)

�

‖S(t)U1 − S(t)U2‖2
H ≤ b(t)‖U1 − U2‖2

H + c(t) sup
0<s<t

[nX(u1(s) − u2(s))]2 (4.4)

`C. "�o(��4 (H,S(t))  M/$�, 3*` (4.4) *�po'/$�3*`.

` N  KQ S(t) �/$q�m . / 3/$UE M+(N )  y ∈ H �m/, ]/H.
*�vD�rx u(t) 28

u(0) = y, lim
t→−∞dist(u(t),N ) = 0.

*�vm Aexp ⊂ H po'�E=�AE&, �6wL##D��EF�, RL#p$3U
�. ]/^J�#"m B ⊂ H, H.�� tB , CB > 0 � γB > 0, ]/]/^J t ≥ tB,

distH (S(t)B,Aexp) ≤ CB exp(−γB(t− tB)).

�6H.=�AE&.y�GqYH H̃ ⊇ H < #DF�, _o=�AE&'sR�E=�
AE&.

4.2 o'nr
�/�4��0H(�-B'�sZ�0'��$7.
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^X 4.1 [[ (2.1)–(2.7) `C, h(x) ∈ L2(Ω), / #���0`C:

(i) IJ (1.6)–(1.11) �(��4 (H , S(t)) #*�v�D�AE& A . w�NM IJ
(1.6)–(1.11) �/OV�m N �3/$UE, R A L##D�EF�.

(ii) IJ (1.6)–(1.11) �(��4 (H , S(t)) #*�sR=�AE& Aexp ⊂ H R.
H̃ = L2(0, L) ×H−1(0, L) ×H−1(0, L) × M0

%L##D��EF�, �% M0 = L2
μ(R

+, L2(0, L)). 8R, .YH H δ %H.sR=�AE
&, R"AE&L##D��EF�, �% H ⊂ H δ ⊂ H̃ , δ ∈ (0, 1].

4.3 o'nrtxY
9*��g<6$7 4.1. <6N,5;�';�u�E7.

bc�6�� Φ : H → R 28:

(i) ]/^J� z ∈ H, ux t→ Φ(S(t)z)  
v�;

(ii) ]/y� z ∈ H �i#� t, # S(t)z = z,

"�o(��4 (H,S(t))  M��4.

wX 4.2 (��4 (H , S(t))  M��4, R Lyapunov Q� Φ . H %�^J#"&m
< <#"��, ]/^J R, m ΦR = {U0 ∈ H : Φ(U0) ≤ R} . H % #"�.

xY `D��� E(t) (19 (2.6)) ,'Q� Φ. bc, ]/�*� U0 = (u0, u1, θ0, η0) ∈
H , h`/0

d

dt
Φ(S(t)U0) = −2

∫ L

0

δ(x)u2
xtdx−

∫ L

0

θ2xdx+
1
2

∫ ∞

0

μ′(s)‖ηx(s)‖2ds ≤ 0, (4.5)

4 Φ(S(t)U0)  
v��. R."�[[ Φ(S(t)U0) = Φ(U0), ^a (2.1) � (4.5) /0∫ L

0

u2
xtdx = 0 �

∫ L

0

θ2xdx+
1
2

∫ ∞

0

(−μ′(s))‖ηx(s)‖2ds = 0. (4.6)

N- (4.6) W*�`&/0. (0, L) %ztVV# ut(t) = 0, 4]/i#� t ≥ 0, # u(t) = u0.

O+, (4.6) W-�`&pT]/^J� t ≥ 0,
∫ ∞
0

(−μ′(s))‖ηx(s)‖2ds = 0. IJ0 (2.5)5pT

η(x, s) = 0, a.e. (x, s) ∈ R
+ × (0, L), t ≥ 0. (4.7)

/ , O (4.7) � (1.8) / θ(t) = 0. u S(t)U0 = U0 = (u0, 0, 0, 0)  IJ (1.6)–(1.11) �/OV.

Ov` (4.5) U, Φ  $R. H %^J#"m<�<#"��. ` (u, ut, θ, η) ∈ H  g

V, ]/ Φ(U(t)) ≤ R, N- (2.7) 5;p\T
α0(‖ux‖2 + ‖ut‖2 + ‖θ‖2 + ‖η‖2

M ) − C ≤ Φ(U(t)) ≤ R,

4 ‖U(t)‖2
H ≤ (C +R)α−1

0 . <`<6 ΦR  H %�#"m. E7/<.

wX 4.3 IJ (1.6)–(1.11) /OV�m .YH H % #"�.

xY ^a
∫ L
0
p(x)u2

xdx = − ∫ L
0
f(u)udx+

∫ L
0
hudx. Ov` (2.3) /0

−
∫ L

0

f(u)udx ≤ α

λ1
‖ux‖2 + CfL.

]/^J� ρ > 0, N- Young 3*`/∫ L

0

hudx ≤ ρ

4
‖ux‖2 +

1
λ1ρ

‖h‖2.
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O<=d�w{, pT (
p1 − α

λ1
− ρ

4

)
‖ux‖2 ≤ CfL+

1
λ1ρ

‖h‖2.

` ρ > 0 8xa, "�/0 N .YH H  #"�. E7/<.

wX 4.4 (/$�3*`) .$7 4.1 �[[�, ` B ⊂ H  *�#"m, / H.fn
/ B ��� γ, b0 > 0 � CB > 0, ]/

‖S(t)U1 − S(t)U2‖2
H ≤ b0e−γt‖U1 − U2‖2

H + CB

∫ t

0

e−γ(t−s)‖u‖2
2p+2ds, (4.8)

�% S(t)U i = (ui, uit, η
i) IJ (1.6)–(1.11).YH B%28&H U i, i = 1, 2�V, u = u1−u2.

xY ` u = u1 − u2, θ = θ1 − θ2 � η = η1 − η2, / (u, ut, θ, η)  �c+,�*�gV:

m(x)utt − (p(x)ux + 2δ(x)uxt)x − κθx + f(u1) − f(u2) = 0, (4.9)

θt − θxx −
∫ ∞

0

μ(s)ηxx(s)ds− κuxt = 0, (4.10)

ηtt + ηts = θ, (4.11)

R&$##' u(0) = u1(0) − u2(0), ut(0) = u1
t (0) − u2

t (0), θ0 = θ10 − θ20, η0 = η1
0 − η2

0 , %"#

#' u(0, t) = u(L, t) = 0, θ(0, t) = θ(L, t) = 0. $RD�Q�
E (t) =

1
2

∫ L

0

p(x)u2
xdx+

1
2

∫ L

0

m(x)u2
tdx+

1
2

∫ L

0

θ2dx+
1
2
‖η‖2

M . (4.12)

y|, O (2.1) /, H.d��/���� β1 > 0 � β2 > 0, ]/�``C:

β1E (t) ≤ ‖(u, ut, θ, η)‖2
H ≤ β2E (t). (4.13)

<6N,�';�,�yw.

x 1 y H.*�fn/m B �p�� CB , ]/

E ′(t) ≤ −δ1
∫ L

0

u2
xtdx−

∫ L

0

θ2xdx+
∫ ∞

0

μ′(s)‖ηx(s)‖2ds+ CB‖u‖2
2p+2. (4.14)

z&<, +, (4.9) P; ut, (4.10) P; θ, g�6.pH (0, L) <X�, 8N- (4.11), /0

E ′(t) = −2
∫ L

0

δ(x)u2
xtdx−

∫ L

0

θ2xdx+
1
2

∫ ∞

0

μ′(s)‖ηx(s)‖2ds

−
∫ L

0

(f(u1) − f(u2))utdx. (4.15)

N- (2.2), wS$7, Poincaré3*`, ]/^J� ε > 0, #
−

∫ L

0

(f(u1) − f(u2))utdx ≤ Cf

∫ L

0

(1 + |u1|p + |u2|p)|u||ut|dx

≤ Cf (L
p

2p+2 + ‖u1‖p2p+2 + ‖u2‖p2p+2)‖u‖2p+2‖ut‖
≤ ε

2λ1
‖uxt‖2 + CB‖u‖2

2p+2.

` ε > 0 _�a, ]/ 2δ1 − ε
2λ1

≥ δ1. N- (2.1) � (4.15), 5;/0
�iYZ�w{ (4.14).
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x 2 y $R�� φ(t), φ(t) =
∫ L
0
m(x)u(t)ut(t)dx. g φ(t) �/0HU� t }\, N-v

` (4.9), /0

φ′(t) =
∫ L

0

m(x)u2
tdx−

∫ L

0

p(x)u2
xdx− 2

∫ L

0

δ(x)uxtuxdx− κ

∫ L

0

uxθdx

−
∫ L

0

(f(u1) − f(u2))udx. (4.16)

g E (t) cS (4.16) RN- (2.1), pT

φ′(t) ≤ −E (t) +
3m1

2

∫ L

0

u2
tdx+

1
2

∫ L

0

θ2dx+
1
2
‖η‖2

M − p1

2

∫ L

0

u2
xdx

−2δ1
∫ L

0

uxtuxdx− κ

∫ L

0

uxθdx−
∫ L

0

(f(u1) − f(u2))udx. (4.17)

^a Young 3*`�wS3*`, /

−2δ1
∫ L

0

uxtuxdx ≤ p1

8

∫ L

0

u2
xdx+

8δ21
p1

∫ L

0

u2
xtdx, (4.18)

−κ
∫ L

0

uxθdx ≤ p1

8

∫ L

0

u2
xdx+

2κ2

p1

∫ L

0

θ2dx (4.19)

�

−
∫ L

0

(f(u1) − f(u2))udx ≤ Cf

∫ L

0

(1 + |u1|p + |u2|p)|u||u|dx
≤ Cf (L

p
2p+2 + ‖u1‖p2p+2 + ‖u2‖p2p+2)‖u‖2p+2‖u‖

≤ CB‖u‖2
2p+2. (4.20)

gv` (4.18)–(4.20) cS (4.17), pTH.d��/���� c1, c2 28�c3*`
φ′(t) ≤ −E (t) − p1

4

∫ L

0

u2
xdx+

3m1

2

∫ L

0

u2
tdx+

1
2
‖η‖2

M

+c1
∫ L

0

u2
xtdx+ c2

∫ L

0

θ2dx+ CB‖u‖2
2p+2. (4.21)

x 3 y $R�� ψ(t), ψ(t)=− ∫ ∞
0
g(s)

∫ L
0
θ(t)η(s)dxds. / H.�/���� c3, c4, c5,

]/

ψ′(t) ≤ −μ0

2

∫ L

0

θ2dx+ c3

∫ L

0

θ2xdx+ c4

∫ L

0

u2
xtdx− c5

∫ ∞

0

μ′(s)‖ηx(s)‖2ds. (4.22)

z&<,

ψ′(t) = −
∫ ∞

0

g(s)
∫ L

0

θtη(s)dxds−
∫ ∞

0

g(s)
∫ L

0

θηt(s)dxds := ψ1 + ψ2. (4.23)

N- (4.10) /0

ψ1 = −
∫ ∞

0

g(s)
∫ L

0

θxxη(s)dxds︸ ︷︷ ︸
:=ψ11

−
∫ ∞

0

g(s)
∫ L

0

(∫ ∞

0

g(s)ηxx(s)ds
)
η(s)dxds︸ ︷︷ ︸

:=ψ12

−κ
∫ ∞

0

g(s)
∫ L

0

uxtη(s)dxds︸ ︷︷ ︸
:=ψ13

.
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N- Young 3*`, /0

ψ11 ≤ μ0

2

∫ L

0

θ2xdx+
1
2
‖η‖2

M , ψ12 ≤ μ0‖η‖2
M � ψ13 ≤ κμ0

2

∫ L

0

u2
xtdx+

κ

2λ1
‖η‖2

M .

O (4.11) /

ψ2 = −μ0

∫ L

0

θ2dx+
∫ ∞

0

g(s)
∫ L

0

θ(t)ηs(s)dxds

= −μ0

∫ L

0

θ2dx+
∫ ∞

0

(−μ′(s))
∫ L

0

θη(s)dxds

≤ −μ0

2

∫ L

0

θ2dx− l1
2μ0λ1

∫ ∞

0

g′(s)‖ηx(s)‖2ds,

�% l1 = − ∫ ∞
0
g′(s)ds. <`� (4.23) /0 (4.22).

x 4 y $R Lyapunov Q� L (t), L (t) = E (t) + ε1φ(t) + ε2ψ(t), �% ε1 � ε2  d�

�/����. bc]/_�a� ε1 � ε2, h`/0
1
2
E (t) ≤ L (t) ≤ 3

2
E (t). (4.24)

j*+k, O (4.14) � (4.21)–(4.22), /

L ′(t) ≤ −
[
δ1 −

(
3m1

2λ1
+ c1

)
ε1 − c4ε2

] ∫ L

0

u2
xtdx− (1 − c3ε2)

∫ L

0

θ2xdx

−
(
μ0

2
ε2 − ε1

2
− c2ε1

) ∫ L

0

θ2dx− p1ε1
4

∫ L

0

u2
xdx

+
(

1 − k

2
ε1 − c5ε2

) ∫ ∞

0

μ′(s)‖ηx(s)‖2ds− ε1E (t) + CB‖u‖2
2p+2. (4.25)

I0, {z�� ε2 > 0 _�a, ]/ (4.24) `C. z~*y,

ε2 < min
{

1
2c3

,
1

2c5
,
δ1
2c4

}
.

<`5;pT
1 − c3ε2 >

1
2
, 1 − c5ε2 >

1
2
, δ1 − c4ε2 >

δ1
2
.

]/^J{$� ε2, {z ε1 _�a, ]/ (4.24) `C, R

ε1 < min
{

δ1λ1

6m1 + 4c1λ1
,

1
2k
,
μ0ε2

2c2 + 1

}
.

<`%6
3m1

2λ1
+ c1 <

δ1
4
,

1
2
− k

2
ε1 >

1
4
,
μ0

2
ε2 − ε1

2
− c2ε1 > 0.

*N;<K0, 5;pT
L ′(t) ≤ −ε1E (t) + CB‖u‖2

2p+2 ≤ −ε1
2

L (t) + CB‖u‖2
2p+2.

<`h`pT
L (t) ≤ L (0)e−

ε1
2 t + CB

∫ t

0

e−
ε1
2 (t−s)‖u‖2

2p+2ds. (4.26)
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{!N- (4.24), 5;/0 E (t) ≤ 4E (0)e−
ε1
2 t + CB

∫ t
0

e−
ε1
2 (t−s)‖u‖2

2p+2ds.  !0 (4.13), "�

/0 (4.8). <6/<.

^X 4.1 txY (i) K'(��4 (H , S(t))  $R.IJ (1.6)–(1.11) <�V_&, h

`<64 X = H1
0 , Y = L2 � Z = M 0, (4.1) � (4.2) `C. zbZ� O$7 3.1 %� (ii)

/3*` (4.3) `C. [ B ⊂ H  KQ S(t) |}p�3U��#"m. ]/ U1, U2 ∈ B, $R
S(t)U i = (ui, uit, θ

i, ηi), i = 1, 2 � u = u1 − u2. $RKZ�
nX(u) = ‖u‖2p+2.

O/ H1 ↪→ L2p+2  v�, / /0 nX(·) .YH X % v�KZ�. jL !v` (4.10) `

C, /T

‖S(t)U1 − S(t)U2‖2
H ≤ b(t)‖U1 − U2‖2

H + c(t) sup
0<s<t

[nX(u1(s) − u2(s))]2, (4.27)

�% b(t) = b0e−γt � c(t) = CB
∫ t
0

e−γ(t−s)ds, t ≥ 0. y|

b(t) ∈ L1(R) � lim
t→∞ b(t) = 0.

K' B ⊂ H  #"�, 5;pT c(t) .pH [0,∞) < o�#"�. / 5;<6 (4.4) `

C, 8R(��4.^J#"p$3Um< M/$�. ^a�3 [9, �J 7.9.4], /0(��4

(H , S(t))  SFOT�. ^aE7 4.2 � 4.3 �� [9, p0 7.5.9] /T(��4 (H , S(t)) H.
D�AE& A = M+(N ). K'(��4 AE& A <M/$�, u A L##D��EF�.

(ii) Æ B = {U : Φ(U) ≤ R}, �% Φ  E7 4.2 %tj� Lyapunov ��. ]/p$3UA
|m, (��4 (H , S(t))  $R. B <�M/$�.

4&H y = U(0) ∈ B 0, Ov` (3.2) � B �p$3U�pT, H.�� CB > 0, ]/^
J� 0 ≤ t ≤ T , eV U(t) 28

‖Ut(t)‖H̃ ≤ ‖A U(t)‖H + ‖F (U(t))‖H ≤ CB,

4]/^J� 0 ≤ t1 < t2 ≤ T ,

‖S(t1)y − S(t2)y‖H̃ ≤
∫ t2

t1

‖Ut(s)‖H̃ ds ≤ CB|t1 − t2|.

<`%6]/^J� y ∈ B, ux t �→ S(t)y .GCYH H̃ % Hölder \\�, �% δ = 1.

*NN-� [9, $7 7.9.9], 5;pTsR�=�AE&�H.�, R"AE&��EF�. H̃

% #D�.

4 δ ∈ (0, 1) 0, =�AE&.YH H δ % H.�, p\59� [3]. / $7 4.1 /<.

|} ]Æ~A}T�J9�B|��}~���.
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